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We present a necessary and sufficient product criterion for bipartite quantum states based on the
rank of realignment matrix of density matrix. Then, this approach is generalized to multipartite
systems. We first introduce the concept of semiproduct in a similar manner to the semiseparable
and prove that semiproduct is equivalent to fully product. Therefore, a quantum state is bipartite
product with respect to all possible partitions implies fully product which is different from the case
of separability. For pure states, it can easily be seen that several necessary and sufficient separability
criteria for multipartite systems are derived as a special case of our results. Several specific examples
illustrate that our criteria are convenient and operational.
I. INTRODUCTION
Quantum entanglement has been regarded as an important physical resource in the theory of quantum infor-
mation over the past three decades [1]. It plays a vital role in quantum information processing and has widely
been applied to many fields such as quantum cryptography [2], quantum teleportation [3, 4], quantum dense
coding [5] and quantum metrology [6]. So, it has theoretical and practical value to study the entanglement of
quantum states.
Quantum states can be divided into separable states and entangled states. Although it is known to be NP-hard
for the problem of separability of states [7], a considerable number of separability criteria have been proposed.
For bipartite systems, there are many famous separability criteria [1]. For multipartite systems, this problem be-
come more complicated owing to the complicated structure of multipartite entangled states. For example, there
are only two cases in bipartite systems, separable or entangled, while, in multipartite quantum systems, we have
to face the problem of k-partite entanglement or k-nonseparability for a given partition and an unfixed parti-
tion. Despite the difficulty, many efficient separability criteria for multipartite systems [8–15] and computable
measures [16–18] quantifying multipartite entanglement have been presented.
Quantum states can also be divided into product states and non-product states. In the following, we discuss
the relation between product states and separable states. For bipartite pure states, the definition of product
states coincides with the definition of separable states, that is, bipartite pure separable states are product states
and vice versa. While, a bipartite mixed state is called separable if it can be expressed as a convex combination
of product states. Otherwise, it is called entangled. Note that, unlike the special case of pure states, the set
of separable states is in general strictly larger than the set of product states [19]. Physically, a product state is
an uncorrelated state. For non-product states, there are two different kinds of correlation, classical correlation
and quantum correlation. Separable states are classically correlated. The reason is that a separable state can be
prepared just by local operations and classical communication (LOCC) [20]. On the contrary, entangled states
are quantum correlated. An enormous amount of researches have been devoted to quantum entanglement [1]
and other quantum correlation beyond entanglement [21–23].
In this paper, we investigate the product criteria for quantum states. First, we prove that the rank of re-
alignment matrix of density matrix equals one is the necessary and sufficient condition of this density matrix
being a product state for bipartite systems. Then, this result is generalized to the case of multipartite systems.
As a special case, we can see that these criteria are necessary and sufficient for determining k-separability or
k-nonseparability of a multipartite pure state.
This paper is organized as follows. In Sec. II we introduce basic concepts and notations that will be used in
the subsequent sections. In Sec. III, we provide our central result, that is, the close relation between the rank of
realignment matrix of density matrix and the property of product for bipartite states. In Sec. IV, we discuss the
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2property of product for multipartite quantum states as a generalization of the case of bipartite quantum systems.
Sec. V is conclusion.
II. PRELIMINARIES
Before we state the main results, we introduce some necessary knowledge about the matrix realignment. For
a matrix X = (xij) ∈ Cm×n, the vector vec(X) is defined as
vec(X) = [x11, . . . , xm1, x12, . . . , xm2, . . . , x1n, . . . , xmn]
T,
where T denotes the transpose. Let Z be an m×m block matrix with each block Zi,j ∈ Cn×n, the realigned matrix
ZR is defined by
ZR = [vec(Z11), . . . , vec(Zm1), vec(Z12), . . . , vec(Zm2), . . . , vec(Z1m), . . . , vec(Zmm)]
T.
Lemma 1 [24, 25] For a matrix Z ∈ Cmn×mn, if ZR ∈ Cm2×n2 of rank r has the singular value decomposition
ZR = U ∑ V† =
r
∑
i=1
σiuiv
†
i , where ∑ =
(
∑r 0
0 0
)
∈ Cm2×n2 ,∑r = diag{σ1, σ2, . . . , σr} ∈ Cr×r with the nonzero
singular values σi (i = 1, 2, . . . , r) of Z
R in nonincreasing order, then, Z can be expressed as
Z =
r
∑
i=1
(Xi ⊗Yi), (1)
with vec(Xi)=
√
σiui and vec(Yi)=
√
σiv
∗
i , where U = [u1, u2, · · · , um2 ] ∈ Cm
2×m2 and V = [v1, v2, · · · , vn2 ] ∈ Cn
2×n2
are unitary.
Lemma 2 [25] A matrix Z can be expressed as the tensor product of two matrices X and Y, that is,
Z = X ⊗ Y if and only if ZR = vec(X)vec(Y)T. (2)
In this paper, we consider a multiparticle quantum system with state space H = H1 ⊗H2 ⊗ . . .⊗HN , where
Hi (i = 1, 2, . . . , N) denote di-dimensional Hilbert spaces. A quantum state is called fully product state if can be
written as tensor product of states of each subsystems,
ρ = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρN . (3)
Next, we introduce the definition of k-product state. To this end, we first introduce the notion of k-partition
[11, 17]. A k-partition A1 | A2 | · · · | Ak (of {1, 2, . . . , N}) means that the set {A1, A2, . . . , Ak} is a collection of
pairwise disjoint subsets of {1, 2, . . . , N} with the union of all subsets Ai is {1, 2, . . . , N} (pairwise disjoint union⋃k
i=1 Ai = {1, 2, . . . , N}). An N-partite state is called k-product if there is a k-partition A1 | A2 | · · · | Ak =
j11 · · · j1n1 | j21 · · · j2n2 | · · · | jk1 · · · jknk such that
ρ = ρA1 ⊗ ρA2 ⊗ · · · ⊗ ρAk , (4)
where ρAi is the state of subsystems Ai and disjoint union
⋃k
t=1 At =
⋃k
t=1{jt1, jt2 · · · jtnt} = {1, 2, · · · , N}. Ob-
viously, the definition of k-product states is equivalent to the definition of k-separable states for pure states
[11, 17].
III. PRODUCT CRITERION FOR BIPARTITE STATES VIA THE RANK OF REALIGNMENT MATRIX OF DENSITY
MATRIX
In this section, we are ready to present the central result of the article. Theorem 1 provides a necessary and
sufficient product criterion for bipartite quantum systems by using the rank of realignment matrix of density
matrix. It demonstrates that a bipartite mixed state is product state if and only if the rank of realignment
matrix of density matrix equals one. A simple example clearly shows the difference between product states and
separable states for mixed states.
Lemma 3 If an mn × mn positive matrix P can be written as the tensor product of an m ×m matrix M˜ and an
n× n matrix N˜, i.e., P = M˜⊗ N˜, then there exist m×m positive matrix M and n× n positive matrix N such that
P = M⊗ N.
3Proof Let P be an mn ×mn positive matrix and P = M˜ ⊗ N˜, then for ∀ |ψ〉 ∈ Cm×1, |φ〉 ∈ Cn×1, we have
(|ψ〉 ⊗ |φ〉, M˜⊗ N˜|ψ〉 ⊗ |φ〉) = 〈ψ|M˜|ψ〉〈φ|N˜|φ〉 > 0. (5)
Therefore, both M˜ and N˜ must be positive matrix or negative matrix simultaneously. Otherwise, there exist
|ψ1〉, |ψ2〉 ∈ Cm×1, |φ1〉, |φ2〉 ∈ Cn×1 such that 〈ψ1|M˜|ψ1〉 > 0, 〈φ1|N˜|φ1〉 > 0, while 〈ψ2|M˜|ψ2〉 < 0, 〈φ2|N˜|φ2〉 <
0, which implies that (|ψ1〉 ⊗ |φ2〉, M˜⊗ N˜|ψ1〉 ⊗ |φ2〉) < 0. This contradicts the fact that P is a positive matrix. If
M˜ and N˜ are negative matrices, we can define M = −M˜ and N = −N˜. We have thus proved the lemma.
Theorem 1 An mn × mn density matrix ρ can be expressed as the tensor product of an m × m density matrix
ρ1 and an n × n density matrix ρ2, i.e., ρ = ρ1 ⊗ ρ2, if and only if r(ρR) = 1.
Proof Let ρ is an mn × mn density matrix and there exist an m × m density matrix ρ1 and an n × n density
matrix ρ2 such that ρ = ρ1 ⊗ ρ2. Note that, a matrix is rank one iff it can be written as product of a column
vector and a row vector. Combining this property with (2), we have r(ρR) = 1.
On the other hand, if r(ρR) = 1, there are matrices ρ˜1 and ρ˜2 such that ρ = ρ˜1⊗ ρ˜2. Because density matrix is a
positive matrix, according to Lemma 3, there exist positive matrices ρ′1 and ρ′2 such that ρ = ρ′1 ⊗ ρ′2. Besides,
Tr(ρ) = Tr(ρ′1 ⊗ ρ′2) = Tr(ρ′1) · Tr(ρ′2) = 1. Let ρ1 = ρ′1/Tr(ρ′1), ρ2 = ρ′2/Tr(ρ′2), then the traces of ρ1 and ρ2
both are one. That is to say, ρ1 and ρ2 are density matrices and ρ = ρ1 ⊗ ρ2.
Example 1. Consider the family of two qubit states,
ρ = p
|00〉〈00|+ |11〉〈11|
2
+
1− p
4
I4,
where I4 is the 4× 4 identity matrix. Obviously, ρ is separable because it is a mixture of a separable state and
white noise. The realignment matrix of density matrix is


1+p
4 0 0
1−p
4
0 0 0 0
0 0 0 0
1−p
4 0 0
1+p
4

 .
It is easy to see that when p ∈ (0, 1], ρ is non-product state. This simple example clearly illustrates that the set
of separable states is in general strictly larger than the set of product states.
IV. PRODUCT CRITERIA FOR MULTIPARTITE STATES VIA THE RANK OF REALIGNMENT MATRIX OF
DENSITY MATRIX
In the following, a generalization to multipartite system is presented. First we define the concept of semiprod-
uct in a similar manner to the semiseparable [1]. An N-partite quantum state is called semiproduct if it is product
under all 1 versus N − 1 partitions i|i := i|1, . . . , i − 1, i + 1, . . . , N, 1 6 i 6 N.
Theorem 2 Let ρ be a d1d2 · · · dN × d1d2 · · · dN density matrix, then the following statements are equivalent:
(1) ρ is fully product;
(2) ρ is semiproduct;
(3) ρ is product under all possible 2-partitions.
Proof Since it is trivial that (1) ⇒ (3) and (3) ⇒ (2), the proof will therefore be complete when we have
shown that (2) ⇒ (1). Suppose that ρ is semiproduct, we prove that ρ is fully product by induction. For N = 3,
ρ = ρ1 ⊗ ρ23 = ρ2 ⊗ ρ13. By tracing out subsystem 1, we get Tr1(ρ) = ρ23 = ρ2 ⊗ Tr1(ρ13), i.e., ρ23 = ρ2 ⊗ ρ3
with ρ3 = Tr1(ρ13). Here ρ3 is a density matrix from Lemma 3. Assume that the conclusion is also true for k,
then for k + 1, we have ρ = ρ1 ⊗ ρ1 = ρ2 ⊗ ρ2 = · · · = ρk+1 ⊗ ρk+1, where ρi is a di × di density matrix and
ρi is a d1d2 · · · di−1di+1 · · · dk+1 × d1d2 · · · di−1di+1 · · · dk+1 density matrix, i = 1, 2, . . . , k + 1. Tracing out the last
subsystem, we find Trk+1(ρ) = ρ1 ⊗ Trk+1(ρ1) = · · · = ρk ⊗ Trk+1(ρk) = ρk+1. Based on the assumption, we
know ρk+1 is a fully product state of k subsystems. Therefore, ρ is a fully product state of k + 1 subsystems.
In the end, it is easy to see that the next Theorem 3 follows immediately from Theorem 2.
Theorem 3 Let ρ be a d1d2 · · · dN × d1d2 · · · dN density matrix, ρ is a k-product state iff there exists a k-partition
A1 | A2 | · · · | Ak such that ρ is a semiproduct state under this k-partition iff there exists a k-partition A1 | A2 |
· · · | Ak such that ρ is product by taking into account all possible bipartite partitions under this k-partition.
For multipartite pure states, Theorem 3 can also be seen as providing a necessary and sufficient separability
criterion for determining k-separability or k-nonseparability of a multipartite pure state.
4Example 2. Let us consider the three-qubit state, |ψ〉 = |010203〉+|111203〉√
2
. After calculation, the realignment
matrix of density matrix ρ = |ψ〉〈ψ| under 2-partition 1|23 is


1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 12 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 12 0 0 0 0 0

 .
The realignment matrix of density matrix ρ = |ψ〉〈ψ| under partition 2|13 is the same as the case of partition
1|23. Then, according to Theorem 1, |ψ〉 is not a separable state with respect to the 2-partitions 1|23 and 2|13.
Thus, |ψ〉 is not a fully separable state owing to Theorem 2.
The realignment matrix of density matrix ρ = |ψ〉〈ψ| under bipartition 3|12 is

1
2 0 0
1
2 0 0 0 0 0 0 0 0
1
2 0 0
1
2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

 ,
where |ψ〉 is expressed as |ψ〉 = |030102〉+|031112〉√
2
.
According to Theorems 1 and 2, |ψ〉 is neither a genuinely tripartite entangled state nor a fully separable state,
|ψ〉 is a bipartite separable state under bipartition 3|12.
Example 3. Let us consider the three-qubit W state, |ψ〉 = |010213〉+|011203〉+|110203〉√
3
. After calculation, the realign-
ment matrix of density matrix ρ = |ψ〉〈ψ| under bipartition 1|23 is


0 0 0 0 0 13
1
3 0 0
1
3
1
3 0 0 0 0 0
0 0 0 0 13 0 0 0
1
3 0 0 0 0 0 0 0
0 13
1
3 0 0 0 0 0 0 0 0 0 0 0 0 0
1
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


The realignment matrixes of density matrix ρ = |ψ〉〈ψ| under partition 2|13 and partition 3|12 are identical to
above matrix because of the highly symmetry that W state possesses. It is concluded that W state is a genuinely
tripartite entangled state because it is not separable with respect to all possible 2-partitions by Theorem 1.
V. CONCLUSION
In summary, we reveal the close link between the rank of realignment matrix of density matrix and the
property of product for quantum system. We prove that a bipartite quantum state is a product state if and only
if the rank of realignment matrix of density matrix equals one. Then, it is naturally generalized to multipartite
systems by viewing the total system as the tensor product of different partitions of subsystems. Especially, we
prove that semiproduct is equivalent to fully product, which deeply reflects difference between product and
separability. As a special case, our results turn into the necessary and sufficient separability criteria for pure
states. Several specific examples illustrate that our criteria are convenient and operational. Our result may be
beneficial to the study of quantum entanglement.
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